I. Introduction I)!
Since the works of Landau and Khalatnikov on kinetic phenomena1 ) in superfluid helium, there has been continuous interest in thermal conductivity and viscosity for bulk liquid 4He and -He at low momenta and at low temperatures.
2 )
Recentiy Kirkpatrick and Dorfman 3 ) obtained transport coefficients for very low temperatures (naX 2 >> 1) and for moderately low temperatures (na X 2 << i) on the basis of their kinetic equations for a dilute superfluid, where n, a and X represent the number density, the s-wave scattering length and the thermal wave length, respectively.
In the case of thin helium films, the dissipation of superfluid flow and thermal conductance have been investigated by many authors. temperature. More recently the depairing 6 ) and the depining 7 ) vortices which give the power law and the exponential dependence of thermal conductance have been investigated experimentally by Gasparini et al., 8) who confirmed an exponential dependence rather than the power law for T < T . However, there c is much less information about thermal conductivity and viscosity in thin helium films at low momenta and at very low and moderately low temperatures.
What is more important is that a wrong normal dispersion relation was used in Landau and Khalatnikov's well-known results, while the correct dispersion is anomalous dispersion.9) For this reason and in view of recent experimental development on helium films, we present in this paper new
C.
results on the thermal conductivity and viscosity of superfluid helium films through the theory of kinetic phenomena developed by Landau and Khalatnikov1 ) ' 9 ) .
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I
We evaluate thermal conductivity and viscosity within three ranges of temperatures: 0.3K T, 0.3 K < T < 0.8 K and T > 0.8 K. in these temperature , ranges, scattering depends on the nature of interactions of elementary excitations, i.e., phonon-phonon, phonon-roton and roton-roton interactions. The scatterings which govern the transport processes and kinetic coefficients of thermal conductivity and viscosity can be determined by the characteristic time T of scattering.
In the present paper we shall treat a thin helium film as two-dimensional (2-D) -less than three atomic layers, namely one statistical layer of 3.6 A --and neglect :
substrate effects. In the calculations we shall use the 2-D excitation dispersion relation obtained microscopically: 2) where c 0 is the sound velocity, and A, p and Po are the roton parameters. To evaluate the coefficients of thermal conductivity and viscosity, we shall first calculate the scattering cross section for the various interactions in Sec.
U. Then we shall evaluate the characteristic times corresponding to the various scatterings by solving the collision integral, and then obtain thermal conductivity in Sec. M and viscosity in Sec. IV. Finally, we shall give results and discussion in Sec. V in terms of graphs and tables.
II. Scattering cross sections and differential decay rates
In this section we consider the interactions of elementary excitations by the second quantization method.
To obtain characteristic times corresponding to the three interactions, we first evaluate the scattering cross -2-l section or the differential decay rate, which are directly related to the collision integral. The collision process of phonon-phonon interactions includes three-phonon process (3PP, P, = P 2 + PO, four-phonon process (4PP, pt + PI ; P 3 + p 4 ) and five-phonon process (5PP, p 1 + pI p 3 + p 4 + Ps).
The differential cross section and differential decay rate for 3PP in two dimensions are defined as
5(E dp 2 dp,
The 3PP consists of two processes: the direct process of emission of a phonon . p 3 by p, = p 2 + p3 and the reverse process of absorption of a phonon p 3 by p,
The transition amplitude between the initial state II > and the final state I F > is given by ,.,
where n is the distribution function of phonons with momentum p. Then the total decay rate in both processes becomes 
I3-
where the main contribution is due to the second term, which becomes large as a result of vanishing denominator. This corresponds to the case where where P and v are the momentum and velocity operators.
The phonon field -6-changes the density of the medium, and thus we may expand the roton energy in terms of the density p' to second order ( p =p -P 0 ) as
where X is given by Eq.(1.2).
Since the value of most rotons is close to ro P 0 , we may neglect (P -Po ) and replace P by PO.
We may also drop the term (3f,/aP)p', which is much smaller than (2.17).
Then the interaction energy between phonons and rotons can be expressed as
A ap
We note that the terms in the second bracket of Eq. (2.19) have magnitude
12)
on the order of 10' to I in 3-D liquid helium
When the roton changes momentum P t: P', it absorbs a ohonon with momentum p and emits a phonon with momentum p'. In these processes we may consider two intermediate processes, i.e., (I) P + p -P = P + p -p' and (II)
Since the roton momentum is much larger than that of the phonon, we may view this interaction as similar to that between heavy and light particles. The momentum and the energy conservation law in collision processes can be written as
Under the conditions p, p' << P 0 and Fcp << 3 1c , Eq. (2.20) becomes
where m, n and n' are unit vectors directed along p and respectively.
Therefore energy conservation implies p -5 p'. This means that the light particles do not change the magnitude of momentum but change its direction.
Taking account of p, p' << Po and P 2-PO, the matrix element (Eq. (2.1)) in second-order perturbation can be obtained as
Eq. (2.1) and performing the integration over p', we obtain
Averaging Eq. (2.24) over all directions of roton momentum, we finally get
where 1P is the angle between the incident and scattered phonons (see Fig. 1 ).
We shall now examine roton-roton scattering.
Since the character of interaction between rotons is not known, we may assume the short-range
13)
..
potential given by Landau and Khalatnikov and take the roton interaction to be a delta function potential
where V is the interaction constant which can be determined experimentally by viscosity measurements, and r and r are the radius vectors of rotons.
We construct the svmmetrized pairwise plane waves over incoming and outgoing rotons as
P .r, +P, .r)
.'"
The differential decay rate from before to after collision is
2.8
where the matrix element V is -
Performing integration over P' in Eq. (2.28), we obtain 
.. where N is number of rotons per unit area given by 2) n ap ap where n'
-n(n + 1).
When there exists a temperature gradient in superfluid 4 He, there is not only transport of heat but also an irreversible heat flow which can be expressed by the coefficient of thermal conduction given as
Comparison of Eq. (3.3) with Eq. (3.2) for thermal conductivity K gives the kinetic equation with a temperature gradient, 
I
Let us first consider the roton part. This is determined by the roton-roton scattering process. As mentioned earlier in Sec. Z, the character of the roton-roton interaction is not well known, and we thus obtained the average collision time t under the assumption of the delta function potential. r
Since we have only to know the temperature dependence on K,' we replace the I collision integral by the following: ,0 
According to the scattering processes in Sec. 1, the collision integral
(3.11)
The 4PP do not change the total number of phonons but have a characteristic temperature T' in a given direction, which is different from the temperature T in the equilibrium state. The law of energy conservation yields
The total number of phonons traveling in a given direction is changed by small-angle 3PP and 5PP. Therefore the distribution function, which not only depends on temperature T' but also the chemical potential a', can be written T'-T (3.14)
Since the left-hand side of Eq. (n)Epdp j J 5 P(n)E pdp vanish and Eq.(3.4) becomes n" 3T ET p dp 
where 6 n is equal to (n -n ) and n represents the equilibrium distribu-0 p Po P 0 tion functions for the phonons with momentum p. Making use of Eqs. (2.12) -(2.13), the collision integral for the 5PP can be written as
We now evaluate the collision integral in the scattering of phonons by S rotons. When a phonon with momentum p changes to momentum p' directed at angle 0' after collision by a roton, the probability per unit length that a - 1 aT (C -ST(3.28)
Tax -n where we introduced A and B for simplification. Substitution of Eqs. (3.27) and (3.28) in Eq. (3.14) yields n- 
Viscosity
In this section we investigate the first viscosity through similar calculations to those used above for the thermal conductivity. Equation (3.4) vanishes for the case of a pure phonon gas, and thus the corresponding coefficient K (T) becomes zero. However, the kinetic equation
does not vanish for the pure phonon gas near zero temperature. Therefore, f we should consider the contribution of the pure phonon gas to viscosity. I Let us consider the macroscopic motion of liquid helium (which does not depend explicitly on time) with velocity U and the gradient of U directed along the x-axis. Then Eq. (4.1) becomes
The equilibrium distribution function of roton in liquid helium with velocity U can be expressed by
kB T (4.3) B. BT where we used Eq. (1.2). Substituting n -5 n o and the roton velocity v -(P -Po)/p in Eq. (4.2), we get
PO (P-PO)
U nO gkBT -cos0 sin6 = J, (n), (4.4) where 0 is the angle between the roton momentum P and the x-axis. The colli- we obtain the coefficient of viscosity for the roton part as
The equilibrium distribution function of the phonon gas is n 0 --( exp kB U*p 1 (4.10) .
Let us assume the distribution function to deviate slightly from no, i.e., n -n + 8n, which satisfies Eq. (4.1). Substituting Eq. (4.10) into Eq.
I
-20- the same processes that we argued in Sec. 1, we obtain the following two equations:
n, (n,+) cp
T 3x cos sinP p5p 
B
We can express the distribution function by Eq. (3.14), except that now the dependence of a' and (T' -T)/T on the angle 0 is given by "' a' a cosO sinO ,
(4.14)
instead of Eq. (3.15) .
In Eq. (4.12) the collision integrals J (n) and J (n) are given by 5PP -ZU Eqs. (3.18) and (3.19) respectively. Using Eqs. (3.15) -(3.20) , we obtain % "%, the collision integral Jh (n): of the first viscosity:
1-
7.212(kiT) 3 
B
2.310
( 4 2 
14)
From the theory and experiments of attenuation of ultrasonic sound waves, we can confirm that at near-zero temperature the contribution of 3PP to the viscosity plays a main role, and 4PP establish only the equilibrium of energy.
Therefore, we consider the 3PP contribution separately from other contribu- Using these results we have obtained the coefficients of thermal conduction and first viscosity. To investigate the temperature variation of the coefficients K (T) and n (T), we adopt the parameters which are determined from the specific heat data of Bretz et al. 15 The parameters are listed in Table I .
With this choice we obtained c = 84.06 m/s, which is smaller than the value 157 m/s of Hip6lito and Lobo, 1 6 ) but is very close to the experimental value 17) of (76 ± 2) m/s of Wushburn et al.
The parameters u, A and a in Eqs. (2.9), Ir (2.23) and (2.16) for two dimensions are assumed to be 1.8,18) 0.4259) and 1.0 x Cp13) used by previous workers for the bulk case.
The coefficient of the thermal conduction is given by Eqs. (3.10) and -24-
, (3.31) . We can confirm easily that Eq. (3.4) vanishes by considering only a ( pure phonon gas because of the peculiar excitation of liquid helium. Therefore, the thermal conduction depends on the interactions between excitations, and it is necessary to take into account the phonon-roton and roton-roton interactions.
The roton part K (T) of the thermal conductivity is proportional to the average collision time t . When 0 = 0, t is zero, and for small-angle scatr r S tering t becomes very small. Since Eq. (5.10) is involved in the unknown r interaction potential constant V and we have only to know the magnitude of or the temperature dependence for ,t~rthere is no problem as to whether we take maximum t or not. Taking 0 -f/2 and the numerical parameters in Table I The characteristic times which determine the coefficient h(T) are given by Eqs. (3.24) -(3.26) . r -has the temperature dependence of T 1 eA/kBT, ph-r which is one power lower than T 9 eA/kBT in bulk liquid helium. This is due to dimen sionality, where rhas the temperature variation of T6, which is a lower
51PP
power than that of three dimensions. The inverse of r 3pp is proportional to T 4 , which originates from the anomalous excitation spectrum. Figure 4 is the NI temperature variation of characteristic times. r 51PP is comparable with K, 1p increases exponentially as temperature decreases. However, as temperature approaches absolute zero, the roton density becomes zero, and thus the contribution from the roton-phonon scattering to viscosity vanishes so that the main contribution comes from the 3PP. Therefore, the temperature depedene ischaged romT " A/kBT -i dependence is changed from T e to T The coefficient increases slowly, and near zero temperature it increases very rapidly and finally diverges.
In conclusion, we remark that the behavior of the coefficients of the thermal conductivity and first viscosity are very much like that of the bulk case. At below 0.3 K, the contribution to the coefficient of first viscosity is due to the 3PP, which is shown to have a T dependence.
-28- temperatures.
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Ib Fig. 6 . The coefficient n(T) of first viscosity vs temperature. 
